Ž .
Ž . Ž . Ž . For the contracting similarities S x s xr3, S x s xq r3, and S x s Ž . w x xq2 r3, where g 0, 1 , let F denote the invariant set with respect to S , S , 1 2 and S . In this paper, we study the Hausdorff measure, Hausdorff dimension, and 3 w x Ž . the structure of F . Let s bra g ‫ޑ‬ l 0, 1 , a, b s 1. Using combinatorial < < Ž . techniques, we show that F ) 0 if a ' b k 0 mod 3 ; otherwise, F is a Cantorlike fractal with recursive construction.
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SELF-SIMILAR SETS AND THE OPEN
SET CONDITION
Self-Similar Sets
Self-similar sets are among the most important and the most typical w x fractals. They were first considered by Moran 9 and systematically studied w x n by Hutchinson 4 . Let D be a closed subset of ‫ޒ‬ . A mapping S: D ª D is called a contraction on D if there is a real number c with 0 -c -1 < Ž . Ž .< < < such that S x y S y F c x y y for all x, y in D. If the equality holds, < Ž . Ž .< < < i.e., if S x y S y s c x y y , then we call S a similarity. Throughout we shall only consider similarities. 
The set F is also called a self-similar set.
Ž . 2 Let C C be the class of the nonempty compact sets. If we define a transformation on L L C C by
m S E s S E Ž . Ž . D i is1 k 0 Ž . k Ž . Ž ky1 Ž .
. and let S be the kth iterate of S gi¨en by S E s E, S E s S S
Ž . for any set E in C C such that S E ; E for each i. with the union being disjoint. If F is the self-similar set generated by the Ž . similarities S 1 F i F m we say that F satisfies the OSC. 
The Open Set Condition
From Theorem B we see that if the OSC is satisfied, then a self-similar set possesses some nice properties. However it is not easy to check the OSC since, except for some simple samples, the open set V, assuming it exists, may be almost as exotic as F itself.
Schief characterizes the OSC by the following result:
where r is defined as in 1.1 < < and F denotes the Lebesgue measure. w x Some further discussions on the OSC can be found in 1, 6, 13 . For a self-similar set without OSC we still have the following regularity result. We say that a set F is a regular set if dim F s dim F.
Thus, we only need to consider one of the three dimensions that appear in Theorem D.
-CANTOR SET
As we mentioned in the previous section, the self-similar sets satisfying the OSC are well understood, but in general difficult to verify. For this reason, we are led to study the self-similar sets with overlap structure. In this paper, we will consider a class which we call the -Cantor set.
Definition w x
Ž . DEFINITION 2.1. Let g 0, 1 be a real number and let S x s xr3,
Ž . S x s xr3 q r3, and S x s xr3 q 2r3 be three similarities on ‫.ޒ‬ 2 3 Then the self-similar set generated by these three similarities, denoted by F , will be called a -Cantor set.
If s 0, then S s S and F is exactly the classical middle third 1 2 Cantor set. In this case dim s 1 and dim s log 2rlog 3. The OSC does S H not hold. Ž .
w x
s S I . Then the starting point i.e., the left end point of
Given a basic interval of order k, since its length is 3 yk , it is determined by its starting point. We may consider the set of all starting points of basic intervals of order k which we denote by M . Note that
where a s 0, a s , and a s 2, 1 F i , . . . , i F 3. Therefore we have exists a translation such that these two sets coincide, we will say that these two elementary intervals have the same type. In other words, these two elementary intervals of order k have the same overlap structures.
Structure Sets T , k
In the previous section we showed that the set F is determined solely , k by the set of the starting points M . When is an irrational number, the , k structure of M is rather complex, but when is a rational number, the , k structure will be relatively simpler. For the later case, we introduce Ž . another T a, b associated with the set M as given below:
The set T is called the structure set of order k of F , which will play an 
In order to establish the relation between T and T , we introduce the
By the definitions of F , M , and T , we obtain the following
In the abo¨e notation, we ha¨e for k G 0,
Then the following lemma gives the
From Lemma 2.4, we get the following corollary.
COROLLARY 2.5. Let I and I be two basic inter¨als of order k.
Then we ha¨e
Now let us arrange the elements of T according to the increasing order
Ž .
be a subsequence of T , which is called a word of
The length of the word w, denoted by w , is defined as the number of k elements in w.
< < Assuming n , n g T , if n y n F a, then n and n are called
w Ž k . y 1 connected in this case, the basic intervals of order k with 3 a n and
x 3 a n as starting points have an overlap ; otherwise we will say that n Based on the discussions in Section 2.2, we get the following lemma.
LEMMA 2.6. Two elementary inter¨als of order k ha¨e the same type if and only if their corresponding elementary words of order k ha¨e the same type.

CLASSIFICATION OF OVERLAPS
defined as in Section 2. If there exists an integer k and two different sequences of indices i , . . . , i and j , . . . , j such that
then we say that there is a complete o¨erlap in the construction of the set F ; otherwise we say that there is no complete overlap in the construction of F .
We now consider that case when is a rational number, and let Ä Ž .4 T a, b be the corresponding structure set sequence. Then it is easy
to see that there is a complete overlap in F if and only if there exist an integer k and two different sequences of indices i , . . . , i and j , . . . , j
In this case we also say that there exists a complete overlap in T.
PROPOSITION 3.1. If is an irrational number, then there is no complete o¨erlap in F .
Proof. Suppose that there exist an integer k and two different sequences of indices i , . . . , i and j , . . . , j such that
Ž . Then the starting points of the intervals S I and S I coincide, 
Let be the second factor in the left hand side of the above equation and then / 0 and consequently / 0, which leads to the contradiction to 1 2 the irrationality of . We have the necessary condition
Hence s s 0. From this it easily follows that i иии i s j иии j ,
which contradicts our hypotheses.
We continue to assume that is a rational number and define 
, this implies that the distance , k of any two different starting points of the basic intervals of order k is Ž k . y1 larger than a3
. Thus for any k G 1, determine the classes to which belongs. As it turns out, the solution depends on the arithmetic properties of .
Ž . The sets we will use in this section arẽ we have the desired conclusion.
More about f b
Ž
. We now deal with the case a ' 0 mod 3 , and will discuss further properties of the mapping f . cases. 
and t ' 0 mod 3 . We may also obtain that f byp sf p . 
Summarizing the above cases, there always exist m g ‫ގ‬ such that
By the same argument as used in the proof of Lemma 4.9, we have the following lemma. 
jd , c , and A s c , 1 . Now we are going to
discuss, respectively, the cases s bra g A , i s 1, 2, 3. 
Ž .
Ž . h p s h q , that is, ther exists a complete overlap. 3 1
Noting that b g T and using Lemma 4.5, the proof is complete.
k˜Ž . hand, by Lemma 4.13, 3 ␣ g T and using Corollary 4.6 ii we have
Using Lemma 4.14, we may obtain the following proposition. 
n n Ž . Ž . Moveover, we have 2 a* y ␣ ' 0 mod 3 . It follows that f ␣ s n 2 a* n Ž . 2a *y␣r 3. Using some similar arguments as in Case 1, we obtain the desired conclusion.
STRUCTURE OF F WITH COMPLETE OVERLAP
< <
In Section 3, we showed that if g ‫ޑ‬ , then F ) 0 and the OSC is nc < < satisfied; if g ‫ޑ‬ then F s 0. In Section 4, we completely determined c whether belongs to ‫ޑ‬ . The purpose of this section is to study the c structure of F with g ‫ޑ‬ . As we will see, F is an A-perfect set in the c sense of Marion.
Family of A-Perfect Sets of Marion w x
The following fractal sets were introduced and discussed by Marion 7 w x and generalized by Mauldin and Williams 8 .
Let E , . . . , E be compact subsets of ‫ޒ‬ with the following property:
There exists ) 0 such that for each j s 1, . . . , m, E is the disjoint union j of a portions similar to E with ratio , of a portions similar to E 
Moreo¨er E is an s-set. ࠻T n k lim s 0. Ž . Ž . same type. Then h w and h w also ha¨e the same type. 1 2 Proof. By the hypotheses of the lemma, we may assume that w s x, x q x , . . . , x q x , w s y, y q x , . . . , y q x , Ž . Ž .
Then it is easy to verify that h w s 3x q w*, h w s 3y q w*.
Ž . Ž . 
Examples
In this section, we present some examples of F having a complete overlap. In particular, we will determine the associated recurrence matrix and the PF eigenvalue. s 1 y 1r3 n G 1 . By Theorem 4.1, g ‫ޑ‬ , , . . . , 0, 3 n y 3 ny1 , 2 и 3 n y 3 ny1 y 1 .
Ž .
Let us denote these n q 1 different types by A , A , . . . , A . Then we Thus the corresponding recurrence matrix is It is easy to verify that this matrix is primitive and the characteristic polynomial is x nq 1 y 3 x n q 1. Then we obtain the following proposition. We arrange the elements of W by the increasing order and still denote It is easy to see that the mapping x ª W is injective. 
